The coarsening of polyhedral grains in a liquid matrix was calculated using crystal growth and dissolution equations used in crystal growth theories for faceted crystals. The coarsening behavior was principally governed by the relative value of the maximum driving force for growth (Dg max ), which is determined by the average size and size distribution, to the critical driving force for appreciable growth (Dg c ). When Dg max was much larger than Dg c , pseudonormal grain coarsening occurred. With a reduction of Dg max relative to Dg c , abnormal grain coarsening (AGC, when Dg max ! Dg c ) and stagnant grain coarsening (SGC, when Dg max < Dg c ) were predicted. The observed cyclic AGC and incubation for AGC in real systems with faceted grains were explained in terms of the relative value between Dg max and Dg c . The effects of various processing and physical parameters, such as the initial grain size and distribution, the liquid volume fraction, step free energy, and temperature, were also evaluated. The calculated results were in good agreement with previous experimental observations.
I. INTRODUCTION
Grain coarsening in a liquid matrix (Ostwald ripening) is commonly categorized into two types: normal grain coarsening (NGC) and abnormal grain coarsening (AGC). When NGC occurs, the microstructure changes in a uniform manner such that a relatively narrow size distribution of grains results, and the normalized grain size distribution is independent of time and, hence, scale. In contrast, AGC is characterized by the rapid growth of a small number of grains with the consumption of small matrix grains, and hence often features the development of a bimodal grain size distribution. With further annealing, however, the large abnormal grains impinge upon each other, and the grain-size distribution reverts to a unimodal distribution.
In many investigations, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] it has been observed that the mode of grain coarsening is closely related to interface morphology. Normal grain coarsening was observed for macroscopically rounded (atomically disordered and rough) interfaces and abnormal grain coarsening or coarsening inhibition for macroscopically flat (atomically ordered and faceted) interfaces. The normal grain coarsening behavior for rough interfaces has been explained in terms of diffusion-controlled growth, as rough interfaces provide an unlimited number of sites for growth. 18, 19 Lifshitz and Slyozov 20 and Wagner 21 considered diffusioncontrolled grain coarsening for a system where there is no overlap of diffusional fields among grains (in fact, an infinitely dispersed system) (Lifshitz-Slyozov-Wagner theory). Later, the LSW theory was modified by a number of researchers to consider the effect of solid volume fraction. [22] [23] [24] [25] [26] [27] All of the previous works reported the continuous growth of grains, with a rate linearly proportional to the driving force, and with a nonvarying relative size distribution (stationary size distribution). The only difference among these studies was the absolute rate of growth with respect to the solid volume fraction. 26 Conversely, AGC has been explained in terms of a nonlinear migration of faceted interfaces with driving force, as in the case of the growth of faceted crystals from a solution or vapor. 18, 28 For an appreciable migration of a faceted interface, an energetically stable nucleus should form on a flat interface. 1, 2, 18, 19 Growth of faceted grains proceeds with atom attachment on the steps formed along the circumference of the nucleus (the step-growth mechanism or the two-dimensional nucleation mechanism) 1, 2, 19, 29, 30 if the grain surfaces are free of defects. Operation of this mechanism with a nonlinear relationship between the migration velocity and the driving force can result in AGC when the driving force for growth of only a limited number of grains exceeds the driving force for the formation of atomic nucleation steps.
While the kinetics and behavior for normal coarsening of grains with rough interfaces are well established, [20] [21] [22] [23] those for the coarsening of grains with faceted interfaces are not as well understood. Due to the nonlinear relationship between the growth rate and the driving forces for growth, it is difficult to predict the coarsening behavior of faceted grains; the growth rate of a faceted grain can vary with such factors as change of system temperature, the step free energy, and the liquid volume fraction. For this reason, model calculations and simulations have been introduced to understand and predict the coarsening behavior of faceted grains, albeit in a limited number of works, by Wynblatt and Gjostein, 31 Rohrer et al., 32 and Kang et al. 33 (Since the early 1980s, there have been many simulations on AGC; however, most did not take into account the fact that the coarsening kinetics are strongly dependent on the interface morphology, i.e., rough and faceted.) Using growth kinetics for a continuous growth mechanism (diffusion control) and a two-dimensional nucleation (2-DN) mechanism (interface reaction control), normal and abnormal grain coarsening, respectively, were described by Wynblatt and Gjostein. 31 They assumed that the effective growth rate is governed either by the diffusion process or the interface reaction process (2-DN) for a faceted grain. For dissolution, the diffusion of atoms was regarded as the sole rate determining process, as atomic dissolution can occur readily at the edge and/or corner of a faceted grain. 19 Wynblatt and Gjostein demonstrated AGC along with NGC using the evolution of the size distribution function, indicating that the two types of grain coarsening behavior are related to the growth mechanism.
Rohrer et al. 32 calculated grain coarsening under the consideration that the growth kinetics is nonlinear for faceted grains, as did Wynblatt and Gjostein. However, as they adopted nonlinear kinetics (2-DN mechanism) for dissolving grains as well as growing grains, 32,34 AGC was not observed in their calculations. Rohrer et al. also calculated the growth of defect-bearing faceted crystals, and predicted NGC, as in the case of rounded grains. They suggested that abnormal grain coarsening is possible only when the dislocations distribute heterogeneously among grains, as grains with defects form abnormal grains and those without defects become matrix grains. 32 Kang et al. 33 predicted AGC in a system with twodimensional faceted grains by introducing a numerical solution for a 2-DN mechanism, as previously done by Wynblatt and Gjostein. 31 The results of Kang et al. would be appropriate for explaining AGC observed in two-phase systems with faceted grains. However, they considered a system where the solid volume fraction is negligible, as in the LSW theory. In real systems, where the growth of grains is governed by the slower process between diffusion and interface reaction (mixed control), 35 the liquid volume fraction can also be an important parameter for grain coarsening behavior. The other critical parameters that were not closely examined in the work of Kang et al. are the step free energy (also known as the edge free energy) and the initial grain size.
In the present investigation, model calculations for the coarsening of three-dimensional faceted grains in a liquid matrix were made using the proposed growth kinetics of rounded and faceted grains, 30, 31 following the scheme presented in our previous work. 36 Various types of coarsening behavior were obtained, depending on the relative contribution between the maximum driving force (Dg max ) for grain coarsening and the critical driving force for appreciable growth (Dg c ). Effects of various processing and physical parameters, including the liquid volume fraction as well as the temperature, step free energy, grain size, and initial size distribution, were considered. Successive AGC as well as an incubation time for AGC were predicted for faceted systems, in agreement with the observed AGC behavior. 12, 15 General principles of microstructure development in faceted systems have also been suggested.
II. CALCULATION MODEL AND METHOD
The driving force for grain coarsening arises from the difference in sizes among grains, irrespective of their interface structure, and thus the capillary pressure of the grains. 18, 19, 35 The size of a faceted grain can be defined as given in the Wulff theorem in conjunction with the surface energy. If the growth or dissolution of an individual grain is governed by the interaction with a grain of critical size that is neither growing nor shrinking (the mean field theory assumption), the capillary driving force of a grain of size 2r, either rounded or faceted, is expressed as
Here, g is the interfacial energy, V m the molar volume, and 2r* the critical size of grains neither growing nor shrinking, which is the time variant. For spherical grains with a rough interface, the rate of growth is linearly proportional to the driving force. [19] [20] [21] 35 For angular grains with faceted interfaces, however, grain growth proceeds via step growth mechanisms (2-DN, spiral growth, etc.), where the growth rates are nonlinear functions of the driving force. 18, 19, 29, 30 When grains are spherical, the growth and dissolution of the grains are controlled by the diffusion of atoms through the matrix. To consider the effect of the matrix volume fraction in the current calculation, the model proposed by Ardell 22 is used. According to Ardell, 22 the rate of continuous grain growth v D takes the form of
Here, b(L) is a function of the liquid volume fraction (L) and A(= 2gV m D f C 1 /RT, where D f is the diffusion coefficient, and C 1 the concentration of solute far from the interface) [20] [21] [22] is a constant depending on the material. In the case of a faceted grain, attachment of atoms onto a flat surface is usually unstable as a result of the increase in the total interfacial energy accompanied by the attachment, and the attached atoms tend to dissolve again into the liquid matrix. However, once a sufficiently large nucleation island forms, it generates energetically stable ledge and kink sites along the circumference of the nucleus. Therefore, the growth of a faceted grain proceeds with the formation of two-dimensional nuclei, i.e., the 2-DN mechanism, 18, 19, 29, 30, 35 if there are no surface atomic steps. The growth rate by 2-DN and growth, v R , is expressed as
Here, B and C(= ps 2 /6kThg, where s is the step free energy, T the absolute temperature, and h the step height) 19, 29 are constants, if polynucleation occurs. 19, 29 As the size of growing grains is in the order of microns, the assumption of polynucleation may be acceptable. If intrinsic atomic steps formed by screw dislocations or twins are present on the surface, the growth rate will be higher; however, the growth rate is still expressed as a nonlinear function of the driving force, as in the case of 2-DN. 18, 19 In addition, even in the presence of surface defects, screw dislocations or twins, the growth rate can be governed by 2-DN. 37, 38 On the other hand, linear kinetics should be applied in the case of dissolution, as each corner acts as a dissolution source without an energy barrier and the dissolution of a grain can occur over multilayers. 18, 30, 31 As the size of a dissolving grain decreases and approaches the size of a two-dimensional nucleus for growth, there must be an energy barrier for dissolution, as Rohrer et al. noted. 32, 34 Nevertheless, as the driving force for dissolution of such an extremely small grain is high, the dissolution of the grain must be governed by diffusion rather than interface reaction. Therefore, the dissolution of a faceted grain must always be governed by diffusion and its kinetics linearly proportional to the driving force for dissolution.
Wynblatt and Gjostein 31 suggested that for the coarsening of faceted noble metal particles in a vapor phase, the rate of coarsening is governed by both 2-DN and vapor transport processes. Given that the time, 1/v, consumed in forming a complete atom layer on a particle will be the sum of the time for nucleation, 1/v n , and the time taken to supply atoms by vapor transport, 1/v t , the overall rate of coarsening takes the form of
Using a similar concept for the growth of a grain in a liquid matrix, the overall rate of growth can be expressed as 
where r 0 represents the mean radius and s 0 the standard deviation at time t = t 0 . To evaluate the rate of growth (or dissolution) of an individual grain, the critical size r* should be known. This was determined by a binary search, using the mass conservation equation,
where i = 1, 2, . . ., k indicates the number of grains. The r i is smaller than r* for i < j, while r i is larger than r* for i ! j+1. The mass changes (changes in size) of all of the grains were then calculated using Eqs. (2)-(5). For every calculation time step (CTS), a new r* is obtained using the same routine, and the incremental/decremental radius of each grain for the next step is determined. For all numeric integrations, the Runge-Kutta method of a fourth order formula was used. Figure 1 is an illustration of the growth and dissolution kinetics given in Eqs. (2) and (3). As shown in Fig. 1 , there is a critical driving force Dg c for appreciable growth in the case of mixed control, in contrast to linear growth in the case of diffusion control. For mixed control, three types of grains are present-the first is growing grains (r > r c ) whose growth rate is linearly proportional to the driving force, the second is essentially stagnant grains (r* r < r c ), and the third is dissolving grains (r < r*). In the case of mixed control kinetics, the growth rate is strongly affected by the constants A-C given in Eqs. (2) and (3), particularly the constant C. As the constant C affects the growth rate exponentially, it changes the value of the critical driving force Dg c and drastically alters the growth behavior of grains in a system.
III. RESULTS AND DISCUSSION
Because there is a nonlinear range in the variation of growth rate with driving force, the relative contribution of this range to the overall coarsening must govern the coarsening behavior of the system. The relative contribution should be governed by the value of the critical driving force Dg c relative to the (maximum) driving force for growth, which varies with annealing time due to grain coarsening. The relative size distribution should also vary and be nonstationary. In this respect, the grain coarsening behavior can be classified into two types, stationary and nonstationary, unlike the conventional classification of normal and abnormal.
We first examine the relative contribution of the nonlinear range in terms of the effect of the driving force for growth for a given Dg c followed by the effect of Dg c for a given driving force. The effect of some specific parameters, including size distribution, liquid volume fraction, and temperature, are subsequently discussed.
A. General behavior
Effect of driving force for coarsening
The driving force for coarsening in a system is mostly governed by the average particle size, because the driving force for growth or dissolution of an individual grain is proportional to the difference in curvature between the average size grain and the grain concerned. A change in the average particle size for a given critical driving force results in a change in the relative contribution of the nonlinearity region to the overall coarsening behavior of the system. Figures 2(a)-2(c) show the calculated change in the grain size distribution with calculation time steps for different initial average sizes of particles at a given step free energy. The results demonstrate the effect of the driving force. In these plots, the frequency distributions of the grains are overlapped on the growth rate curves. The changes in average grain size, r, the size of the largest grain, r max , and the size of the largest grain (r max ) normalized to the average size, r max = r, with calculation time steps, are also plotted at the end of each series of plots. In the case of r 0 ¼ 0:5 mm, where Dg max > Dg c , several rounds of AGC occur, as shown in Fig. 2(a) . However, the AGC behavior in Fig. 2(a) is not as distinctive as the conventional AGC, where abnormal grains much larger than the matrix grains appear during annealing. As shown in a plot of the average grain radius with calculation time steps at the end of Fig. 2(a) , the change in the average size of grains with calculation time steps is close to that calculated (shown as a dotted curve) for normal coarsening. This apparently pseudonormal coarsening behavior is due to the considerable number of grains that have driving forces larger than the critical driving force for appreciable growth.
As the initial average size increases, the Dg max decreases, and the number of particles having driving forces larger than Dg c decreases. When Dg max % Dg c , only a small number of grains initially have driving forces larger than Dg c , as in the case shown in Fig. 2(b) , where r 0 ¼ 1:0 mm. Only a small number of grains grow abnormally fast with the consumption of all of the other grains. This results in the formation of a small number of large abnormal grains, as shown in the plot in Fig. 2(b) at 200 CTS, which is typical of conventional AGC. When the abnormal grains impinge upon each other, the maximum driving force can become far below Dg c and it appears that no further grain coarsening can occur for a considerable period of time, as given by the subsequent calculation presented in Fig. 2(b) .
When Dg max < Dg c [ Fig. 2(c) ], none of the grains apparently grow and grain coarsening is initially suppressed. Even in this case, however, the grains that are larger than the critical size grain grow slowly with time, following Eq. (3), while the grains that are smaller than the critical size grains dissolve, maintaining the condition of mass conservation. Because the largest grain has the highest growth rate, although it grows slowly, it can reach a driving force larger than Dg c after a certain period of time. AGC can then suddenly occur after an incubation time. This incubated AGC, which can often result in distinctive AGC, is shown in Fig. 2(c) . If, however, the initial average size is large and Dg max is much smaller than Dg c , grain coarsening will be suppressed for a considerable period of time, showing stagnant grain coarsening (SGC) behavior.
The predicted change in coarsening behavior with initial particle size has, indeed, been observed in real systems. 2, 12, 39, 40 As the initial size of particles (grains) increased in the WC-Co-based system 2,12,39 and the BaTiO 3 -TiO 2 system, 40 the growth behavior changed from abnormal to incubated abnormal or stagnant. When the starting powder is of fine size and the annealing time is extremely long, all types of coarsening behavior, from pseudonormal to abnormal and stagnant, may appear successively in the same system. Experimental verification of this, however, has not yet been made. 
Effect of critical driving force (Dg c )
According to crystal growth theories, 18, 30 the critical driving force Dg c can be expressed as
where D is a constant, which is effectively independent of the step free energy, temperature, and step height. Equation (8) In general, an increase in the total vacancy concentration decreases s due to the enhanced contribution of mixing entropy. 19 For a given average size and size distribution in a system, a change in Dg c results in a change in the relative width of the nonlinearity region, as in the converse case where Dg c is constant and Dg max is a variable. As Dg c increases, the contribution of the nonlinearity region increases. This effect is similar to that of an increase in initial particle size, which reduces Dg max , for a system with a constant Dg c . Therefore, with an increase in the Figures 2(a), 2(d), and 2(e) show the calculated variation of the coarsening behavior with changing step free energy. (For the step free energy smaller than hg, the grains are partially rounded. 63 Nevertheless, the growth of partially rounded grains is governed by the growth of facets. 10, 16 ) When the step free energy is zero (Dg c = 0), normal grain coarsening occurs, as indicated by a dotted curve in the last plot of Fig. 2(a) , following the LSW theory. When the step free energy is low, at 0.33hg [ Fig. 2(a) ], where Dg c < Dg max , pseudo-NGC (multiple AGC) occurs. As Dg c increases with an increase in the step free energy, AGC [ Fig. 2(d) ] and SGC [ Fig. 2(e) ] occur.
Change in the coarsening behavior from stagnant to abnormal and further to normal was observed in a BaTiO 3 system with a reduction of the step free energy by reducing the oxygen partial pressure. 15 A change from AGC to (pseudo-)NGC with a reduction of s has also been observed for Al 2 O 3 with MgO addition, 45, 49 NbCFe with B addition, 4 a-SiC with atmosphere change, 7 and SrTiO 3 with Po 2 reduction or donor-doping. 8 
B. Effects of processing parameters

Particle-size distribution
As the number of grains with driving forces larger than Dg c varies with the size distribution as well as the average size, the size distribution must also considerably affect the coarsening behavior. Figure 3(b) plots the variation of average grain radius and maximum grain radius normalized to the average grain radius for the system shown in Fig. 3(a) , where the average sizes are the same but the size distributions are different. In this system, the number of grains that have driving forces larger than Dg c increases with the broadening of the size distribution. The coarsening behavior thus changes from AGC to pseudo-NGC with the distribution broadening.
When a large grain is present in a fine grain matrix, the grain has a size advantage for rapid growth. It was, however, reported that in the case of solid-state grain coarsening with the mean field theory assumption (this is similar to diffusion-controlled coarsening), a large grain of more than twice the average size has a negative relative growth rate value. 50 Furthermore, the relative size of the large grain to the average size grain is reduced and the large grain is included in the distribution of NGC during extended annealing. In the case of mixed control, NGC behavior may no longer be exhibited, as the relative growth rate of a large grain can take a positive value. In real systems, the size distribution of the raw powder often deviates from the normal distribution used in our calculation and usually contains larger particles outside of a unimodal distribution. These particles can become large abnormal grains, much more than several times the average size, during subsequent annealing. Figure 4 plots the growth curves when a seed crystal of 100 mm radius is inserted in an initial Gaussian distribution of r 0 ¼ 1:0 mm, s 0 ¼ 0:1 mm. The growth behavior of the grains without the seed crystal showed stagnation (SGC) only for the CTS up to 200, as presented in Fig. 2(c) . In the presence of the seed crystal, however, SGC is maintained and the seed crystal grows continuously until the complete dissolution of all the grains.
In the solid-state single crystal growth (SSCG) technique, 11, 47, [51] [52] [53] [54] [55] [56] [57] [58] a single crystal seed is usually adjoined to a polycrystal. The growth condition of the seed crystal is largely governed by the average size and size distribution of the matrix grains. To realize the maximum driving force for single crystal growth, the average size must be as small as possible without rapid growth. The optimal size of the matrix grains for single crystal growth may be predicted by a calculation similar to that given in Fig. 4 .
Liquid volume fraction
The increase in the liquid volume fraction denotes an increase in the diffusion distance of atoms between grains. Because the growth of the grains is expected to be governed by material transport through the liquid pockets at triple and quadruple junctions, this dependence of diffusion distance on the liquid volume fraction is valid even for systems with grains that are in contact. In the present calculations, however, Ardell's assumption 22 regarding the diffusion geometry was adopted, wherein the particle-toparticle distance is approximately inversely proportional to the liquid volume fraction (particle-to-particle distance
, where j ¼ 1 À L). Figure 5 (a) illustrates the growth rates of grains having an initial Gaussian size distribution with r 0 ¼ 0:5 and s 0 ¼ 0:1 mm for various liquid volume fractions. The growth rate under a driving force larger than the critical value decreases considerably as the liquid volume fraction increases. Figure 5 (b) shows the change in the maximum grain size relative to the average size grain with respect to the liquid volume fraction. With a reduction of the liquid volume fraction, the growth/dissolution rate of individual grains increases and distinctive abnormal grain coarsening results. In systems with a high liquid volume fraction, however, the difference in the growth rate between fast growing grains and stagnant matrix grains is not significant; abnormal coarsening behavior is thereby substantially reduced [ Fig. 5(b) ]. Such a dependence of coarsening behavior on liquid volume fraction was experimentally observed in an Al 2 O 3 -anorthite, 9 and CaOAl 2 O 3 -SiO 2 (CAS) system. 59 
Temperature
Two major changes occur in systems when the temperature changes, in relation to the step free energy and the diffusion rate. It is well documented that the step free energy decreases as the temperature increases due to an increased contribution of mixing entropy. 19, [60] [61] [62] A common expression of the variation in step free energy with temperature takes the form
where M is a nonuniversal constant and T R is the roughening transition temperature. 62 The values of s 0 and M were taken to be 1.0hg and 16.7, respectively, for the calculation, under the assumption of T R = 2000 K and /T were incorporated into the calculation as parameters for the temperature. For the diffusion rate, the activation energy for an atomic jump Dg y was taken to be 10R kJ/mol, a common value for diffusion in liquid. Figure 6 illustrates growth kinetics with temperature for grains having an initial Gaussian size distribution with r 0 ¼ 0:5 or 1.0 mm and s 0 ¼ 0:1 mm. The size distributions were plotted for T = 1773 K. As the temperature increases, the growth rate increases due to enhanced diffusion, and the number of grains with driving forces larger than Dg c also increases. Given that a temperature increase decreases s, and hence Dg c , the effect of temperature is similar to that of Dg c if the temperature effect on the diffusion rate is ignored. The coarsening behavior with respect to temperature is thus similar to that with respect to Dg c ; with a temperature increase, the coarsening behavior can change from stagnant to abnormal, pseudonormal, and finally to normal. The observations of an increase in the number of abnormal grains with temperature increase in WC-Co, 2 BaTiO 3 , 40 and PMN-PT 11 systems reflect that the studied temperature ranges for the systems were for AGC. On the other hand, the change in coarsening behavior from abnormal to normal with increasing temperature in the NbC-Co system 10 indicates that the temperature increase resulted in values of zero for s and Dg c , as revealed by a grain shape change from faceted to spherical.
IV. CONCLUDING REMARKS
Model calculations for the coarsening of faceted grains were conducted using available crystal growth and dissolution equations 18, 19 of mixed control (diffusion and interface control) and diffusion control for growth and dissolution, respectively. The effects of critical parameters, including the step free energy, the initial particle size and distribution, temperature, and liquid volume fraction, on the coarsening kinetics and behavior were predicted. The coarsening behavior was principally governed by the relative value of the maximum driving force for growth, Dg max , to the critical driving force for appreciable growth, Dg c . If Dg c is zero, normal grain coarsening occurs with a stationary size distribution, as predicted by the LSW theory. If Dg c has a finite value, nonstationary grain coarsening, including pseudonormal, abnormal, and stagnant grain coarsening, occurs. When the maximum driving force (Dg max ) decreases by increasing the initial average particle size for a given Dg c , pseudo-NGC (Dg max >> Dg c ), AGC (Dg max ! Dg c ), and SGC (Dg max < Dg c ) can occur consecutively. For Dg max >> Dg c , however, successive pseudo-NGC followed by AGC and eventually SGC can proceed, if the sample is annealed for an extended period of time. SGC with a unimodal distribution is a result of the completion of the final AGC. Even in the case of highly suppressed GC, however, AGC can occur after an extended annealing time, as the relative growth rate of the largest grain, although not considerable, is the highest, and the largest grain may eventually have a driving force larger than Dg c . This belated AGC reflects an incubation time for AGC, which has been observed in many systems.
An increase in Dg c , for a given initial size distribution through an increase in the step free energy or by decreasing the temperature, results in a similar change in the coarsening behavior to that observed on a grain size increase. A temperature change, however, has an additional effect on the diffusion rate. The rate of grain coarsening increases for an identical Dg c . If the effect of temperature on Dg c is ignored, the effect of an increase of temperature on the grain coarsening is found to be similar to that of a reduction in the liquid volume fraction, which decreases the diffusion distance and hence increases the coarsening rate. More distinctive AGC occurs with a reduction of the liquid volume fraction. 
